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82 Compositien algebras

Alternativity of & depres 2 algebra has defindte consequences fox

the norm form and invelution. Conversely, undsr suitable conditions the

mere ewistence of a norm forw guarantees alternativity,
Bespile its name, the standard dnvelusion =® = c(x)l - x of a degree
2 algzbra is not really za invelution in gemeral. To mzasure how far it

o L

daviates from the involutien condition (xy)® = y#x% we write ¥y = 7% and

comoute (xz®)% = ax¥® = t{zz29)]l —n {#,z)1., 1Tke condition that % b= an

Involulion Is Ltherefers

{2- ]] t{X‘.-*}_'.'_ == n[x’}c}L
{Involution Condition)
(2,23 nlx, vl = e(xdedy)l - £(xy)l .

Hotiee that sinece nlx,v) is syrmatric, (2.2} implies
£ 3h Llxy)) = tlyxdl .

For an alternative algebrz over a nice & those conditlions are always

2.4 (Secalar Imvolution Criterion) If A is a flexible degree 2 algebra
and ¢ contalins no nilpoteat elements, then =% = £{x)1 - = defines
a scalar dnvolutden on A, IF A Is an alternative alechbra with

realar Involubion, it is of degrese 2 over $1 and
(2.5) nxy) = n{x)nly) .

Proof., Azsume A is flexille of degrec 2, We know
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= sl = we { - = =1 iy lexibil v
3] wixey) Meny {L}{"L}r P:{} I:L}c P:\'}L}r v Flexibility)
= w{eCvio{xlenlx,y)1: — [tGeyit Godx-nlx, xy) 1l by (1.21)
= ey e ()01 = alx,y)x = clxv)x + nix,=v)] (by (1.1) om =)

= fela)ely) = elxy) - alx,y)ix 4+ {nl ) -clyinl=) 11

(2.8) fle,vde = pla,y)l =0

for fl=,y) = t{=zy¥) = n{x,y), glz,¥) = nix,xy) ~ L{yInlx) . To show #
is an dnvelution we wust show [(x,v)1 vanishes identicallv. If ¢ is a

field this is easvy: on the Zariski-dense set where % e &1 e have

i
£{3,%) = 2(x,¥) = 0 by independence,
In the penzral case, we know F{1,¥y37 = {(t{01d)a{¥) — t(y} — n{l,x] ]

=0 (lingarizing (1.8) shows nix,1}1 = =xI% + 1xz¥ = x + x% = {x)1, and
: %
t{i) = 2}, Applying T(-,y) to the relation (2,8) gives flx,y) =

= g, v)T(Ll,¥y)} = 0, so our hypothesis that ¢ centains no nilpotents

puarantees £{x,v)Ll = 0, and # 15 a scalar involution.

1€ A is alternztive, the norm condition can be derived directly from
altarnativicy and the involution: n{xyd = () yd® = (xy) Qova®) =

Ger) (w{e (=) = x}) = e(@ Gaydy® - Gydy¥a) = tdxlyy™) ~ slyy®)x
(middle MouFane) = {t(x)x - HETn(y) = n{=xinl¥) . 3

Wa say the norm Ferm permits corposition 4f it is multiplicative zs
in (2.5}, nixy) = a(@nly), so that the norm of a product equals the

product of the norns.

Inverses are easily described when the oorm permits composition,



2,7 (Inverse Critericn) An element » of an alrernatiwve alpgebra with
soalar itvolution iz inversible iff its norn is invertible, In
waich case

'x_r = n['z:}'-j uh .

Proof. If xv = 1 then n{xial(y) = n{zy) = n(l) = 1 shews nix} & 4l
iz invertible with inverse niy). Croversely if nix) dnvertible then

-1 :
wu® = wdx = nlx) shows v = n{x) =® has =y = yx = 1 , 3

2.8 Corellary. 4&n alternative alpehbra wilth scalar invelution over a
field 48 o division alpebra iff its norm form does not represent

RETO:

nix) = 0 enly for x =0 , Ei

Radicals too arc casily descyibed when rhe norm permits composilion.
First we nead sowe useful consequences of Lhe nerm formela,  Ldacsrizing
Lhie guadratic relal lon nlsy) .= nlxluly) in = viclds nizy,v) = n{x,linlv);
lincarizing this in v gives nlxy,2) + nixz,v)] = n(, 1nly,2), or nixy,=)
= nly,nlx,10z-%2) = nly,n(x,10]-x12), Mow a depree 2 alpebra nsed not

2z

always have nflx, 1} = t{x}), but linearizing =

t{xYx + olx)}l = 0 shows

2 = e{ldxw - c{xdl ¢ nix, 101 = 0, Since t{1} 2 hy hypothesis, we lLave
at least ni=x,1)1 = t(x)1l. Cur relatien (and 1is dual) may be succinctly

stated as

nfluv,z) = nly.x%z2)
(2.9)

ulyx,2) = aly,zx®)
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Thus left multiplication L:\{ by = becowes left multdiplicarion by =% when
woved across the hilinear form, or in other words the adjeint relalive
te the hilinear form is L¥ = L .. Dually B: = R .,

= A o b

Degeneracy of the norm form (or any quadratic form) is measured by

itg radicasl

nlx) for all x} = {z|n(=z) = n(z,x) = 0 for

(2.10) Rad n = {z|n{z+x)

all x}

(Clearly if n{z) = n(z,x) 0 Lhen nletx) = olz) + nlz,x) + nl(x) = ni),

conversaly If a(e+x) = n(x) then for x = 0 we get ndz) = 0, then nl«) =
nfz+x) = nlz,x) + nlx) impliee all nfz,x) = 0,1 Radn ig alwavs a2 lincaxr

subspace, since nixz + fw,x) = 0 if niz,=x) = nlw,x) = 0, 4nd ninz + Bw) =

u

2 ' ;
o nl=) + ainlz,w) + qu{w} =0 if alz) = nlw) = plz,-) =10,

The norm form is pondceencrate iff Rad n = 0,

Depensracy of the norm form corrcspends te g certain degeneracy of

2 of the interrela-

I

the algcbra, The next proposition gives us o glinp

tion of the wardewvs radicals we will conslder in Chaptexr VI,

2.11 (Radical Froposition) If A iw an aliernalive alpehra with scalar
involution over ¢ then Rad n is a nil ideal which consists entirely
of elemeuts = which are strictly trivial and gzanerate trivial
ideals Z = .Rz = A, If % containg no nilpofent elemz=nks thon
Rad 1 is the maximal nilidecl, and contains all the trivial ele-
ments of A.

Proof., Rad n is a left i-;le.;i'l ginee nlxel) = n{=Iniz} = 0 by (2.5}

and nixz,v) =n(z,x%v) = 0 by (2.9), so that =z & Rad ¥ when = £ Rad n,

Siwdlarly Lt is a right idesl. Its plements are trivial by the U-formula
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3
(1.9, sz = oalz,y¥x - alz)y® = 0, In particular, 27 = Uzl = ) and
Rad n 1s nil. We have Az = zh sines t{zll = nfz,1}1 = 0 implias =% = -z,

thea € = n{z,x)]1 = z2x¥ + xz2% = zx¥% - =z implics

“ o= Az o= ozA g {(for examplel} a left ideal since x(zy) = - ={=%y) = ={x%y)
1 s L wd e
~ nlx,u)y = alx¥y) €& Z: At i trivial sinee Z° = (zA)(Az) = U_A" (middle

Moufang) = 0 by triviality of =z,
If ¢ contains neo nilpotent elements and B is a nil idsal in A, we
: . 1 11 n . ,
must have n(i) = 0 sinece if b = 0 Lhen ni{bh) = ni{h ) = 0 forces nfb) =

—— . s " ; P = 3
0 Ly Lypoluesis en ¢. Then b™ = ¢(53L irplies B = L()" lh for all n

by dnducticon; if BT = 0 Lhen tzling traceaz of t(b}nwlb = 1} mives t[h}n

0, again forcing t(b) = 0. Then nib, &}l = t(ha®)1 (hy (2.1)) €5 e(E)1
7

0. Tuking norms and using n(l) = 1 we get n(b.,a)” = 0, once more foreing

n{b,a) = 0, This sliows n(BE) = n{k,A) = 0, and all nil idsals 3 are

conbained dn Bad o for such & &,

—F

f oa#
A

Also for such ¢, if 2 15 trivial chen 0 = nlz)z impiies

r

3 . ., -
(talking norms) niz)”™ = 0, therefore nz) = 0, and O U a* = n(za)zn -
e ; i 2 ;
n(z}a = n(z,a)z implies {applying nfa,-3) n{z,a)" = U, so again nfz,z) =

0. Thus n{z) = n{z,a) = 0 for trivial =, and all such Welong te Rad o, [

wealling that when ¢ has no nilpotents # 48 a sealar involution

{see 2.4}, we have

2.12 Corcllary. The following are cguivalent For an alternative algebra

of degree 2 over a ring without nilpotent elements:
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(i) A is strongly sewmiprime
(1i) A is semivrimes
(131} A has no nil dideals

(iv} the norm form is ncndégcncrate. )

IT Ads a wnital altemnzstive algehra of degres 2 and $ has no nil-
patent elements, then A has scolar invelution xx®™ = nfx)1l. Thengvar &
haeg scalar dinvelorion, it is a# de%f?* 2 pver 41 and H{x} = ®Hx¥ 2l
peroits composilion. (Dheerve: thn:::‘ -\.‘_;:riginal n{%) &2 % need not permit
composition, althouwgh it doos I ¢ acis Faithfnlly and we can ddentify
b= 91)], Converssly, tha presence of a well-belhaved norm form nermithing
composition implizs the algebra is alteynative of degree 2, Te sce that
Just hawving any old norm form permitting conposition 1z not enough,

consider the followlng example: take aoy horrihles alpenra ':.I‘C and vack

et s undt, A= &1 @ hn; then the norm fermn(x) = o (x = ol + a) permibs
2oz
cemposition, i) = 28" = nlxiny), bur tells us nothing about A
L]

{since there's nothing to tell).
Thus it Ls reasonable to veguire the guadratic formn Lo ha non-

degencrate, i.c. there is ne element z =2 0 with

nfz) = n(z,A) =0 .

(We allow ni{z.A) = 0 2= long as niz) # 0, so the bilinear form nflr,+)

can be doponorate,)

2,13 (Conmposition Criterlon) If a unital alvernative alecbra A carrles

a nondepenerate quadratie form o permibiing composition,
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‘nlxy) = aGIndy), n(l) =1
thea A is alternative of degres 2 ower ¢ wilth norm n.

Proof. If we define t(x) = n(x,1) and define =% = E{x}l - = then
fust as before we obtain (2.9), nlayv,s) = nly,x*z). From this we scc
nxslay),2) = ol wz) = oledaly,2) (linecarization of composition fommula
wilh vespect ko v} = n{n{xly,z) and also n{x#{xyl) = ni=x®inlx=Inly) =
I‘I{}{}EHI:F} = nilnlxky) (uoting nl=*) = n{t{z)1l-z) = L{:—:jzn{l] — dlan{l, =)
+ nix) = t{x)? - t{x)t (=) + nix) = n(x)). Now anviime nla) = n(bk) and
nfa,=; = n{h,z) for all z we have nla-b,z) = 0 for all z aand nfa-b) =

nfa) - afa. b)) + ol = ufa) - aufa,u) + nla) = 0, therafore hy nondegaracy

a=b = 0. In cur casc this savs
wF(xy) = nlxdv .
Sevtting ¥ = 1 establishes the degree 2 natura ol A
wfx = n{x}l or :-'.2 — tlwlx 1 =0,
Hote L']lE..I; n{l} = 1 by hypothesis, so £(1) = n{1,1) = 2:

n(l) =1, t{1) =2 ,

How x50yl = n{xly = {nl=)lly = (x%x)v, or [#,yw,w] = 0, Thus 0 =
[ECxdl = =yx,y] = = [x,%,v] and A is left alvernative. Similarly A die

rivht altemative. Y

In view of Lhis we will call an algebra whieh carries a nondegenerate
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guadratic form permitting compesition a2 comcosition alesl:ras these are

necassarily altemative of depres 2, with scalar invelution,

Summarizing cur results,

2.14  (Zouwlwalenee Theorss for Composition Alpelbras) The following ars
i 2 28
equivalent for a wniugl algebra A over a ring of scalars ¥ withoul
nilpatent alexents:
(i) A is a cowpesilicn algehra: il carries & noadcgoncrats
gquadratic form n which permits composition, alxy) = ani{x)nl(y)
and nfl) = 1
. . : : o 2
{(ii)} A dis an alternative algebra of degree 2, =7 - £{x)= +
n(xl1l = 0 where © is linecar and n nondepenerate guadratic
(iii) A dis a strongly semiprime (resp. semiprims] alternative
algzhra of degres 7 over &,

Thage alwavs fmnly

O alternative

b
)
[y}

oy
=
(¥R

o
Iy
o
=]

>

fiv) A ds & stronely scumiprine (rosp
glpebra witk sealar dipveluvdion, =x® & 41,
And conversely (v} dmnlies the others vhen § acls faithlully on

Ay b= 81, B ;
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Exerclse

Find an expression for n[ny} in g composition algebia.  What can
you say about nlxey)? Prove L{z%) = c(x), nlx*) = n(x), 1'_'{-}':}"""} =
T_:i.}":-f'-"::'_._ t{x,y) = Llxy) 1% a syuretrlc associative bilinear farm.
Ruppuse E*'.‘.'Q} A whers A iz altervaative with scalar Invelution over
a field &, and 211 2=h for B & 1 are invertible (211 b zre guasi-

ibled. Show 3 dg.zonil ~ideal, henez B Rad n.

) = 15 nfle) = 0.8d b 3s andézwpntens # .0, Lo 05 Ads of

degree 2 over a ficld ¢, show any idempotent 2.9 .03 Zaw: e

1, nfa) = 0.

If ) (ﬁ:zll:...:f___lj} =1 in 2 cowpositicn algebra, show cach =, is

:
invertibleo.
Tf n ia nondepenerate show torot anlz) = 0 for all = iwmplies o = [

Conclude that 11 af=In(1) = ni{x) Tor #17. % Then n{l) = 1.
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o Problem 22t on OQuasi-Conpositicon Algelhras

An #lgebra A carryive a nendegesnerate quadratic form satisfying

4

n{xs) = n(xin(y) i3 called 2 guasi-cownnsition alechra; if A is unital

it iz an ovdinary compositicon algobra. hrouphout let A ba quasi-
composition ower a field &,
1. Ehow that there is seme nwE A with nfu) = 1; in this case show '[Ju_,
Ru are injective. If & iz findte-dimensional ecr & division 2lgebra
ehow L., B are bijective,
u u
2. Assune Lu" Ru are bijective (not necesczarily that A is finire dipen-
; : ; " | =1 GV L
sionzal}., Deline zn isotopz A hy =y = (;?.u ®¥{L “¥). Bhow A is unital,
. u
i
that n still permits composition on A, snd is still necdegencrato.

. oA
Conclude 4 is an alteynmative composition alpebra.

".II
3. Blwow how Lo recover A fren tha algebes A4, Jls A necesearily unital

er Bltomeative?



